Examination of an annular system of underdamped Josephson junctions in the presence of external radiation showed that the ability of the system to lock with some external radiation was determined not only by the number but also by the type of rotating excitations (fluxons or antifluxons). Shapiro steps can be observed in the current-voltage characteristics only in the system with trapped fluxons or in the system with fluxon-antifluxon pairs. If the trapped fluxons circulate simultaneously with fluxon-antifluxon pairs, there are no Shapiro steps regardless of the amplitude or frequency of the applied external radiation.
The idea that fluxon behaves as a particle-like solitary wave, which can be manipulated and controlled, motivated creation of a new logic circuit by using Josephson fluxon as elementary bits of information [1] [2] [3] [4] [5] [6] [7] . In the creation of a new logic elements, particularly important are the long Josephson junctions [8] described by continuous sine-Gordon equation, and the Josephson junctions parallel array by its discreet counterpart i.e. Frenkel-Kontorova model [8] [9] [10] [11] [12] . However, in long JJs, motion of fluxon strongly depends on the geometry and boundaries of the junctions, which makes studies of fluxon dynamics very challenging. These problems led to the creation of annular Josephson junctions [13] , as ideal systems for the studies of fluxon dynamics, which provide an undisturbed and tunable fluxon motion [14] [15] [16] [17] [18] [19] [20] [21] .
One of the most interesting properties of Josephson junction systems is their ability to exhibit various resonance phenomena. In the absence of any external radiation, the so called zero field steps (ZFS) [11, 22, 23] appear in the current-voltage (I-V) characteristics due to resonant motion of fluxons and antifluxons inside the system. If, on the other hand, some external radiation is applied, the I-V characteristics exhibits the well known Shapiro steps [24] as a result of the locking with the external frequency. When the locking appears at the integer values of external frequency, the steps are called harmonics, while the locking at rational noninteger values leads to subharmonics (for the locking at the half integer values of external frequency, the steps are called halfinteger) [10] . Though the Shapiro steps are today one of the most recognized frequency locking phenomena associated with wide variety of physical systems [10] , the majority of the works [14] [15] [16] [17] [18] [19] [20] [21] on annular Josephson junctions have been focused on the resonance phenomena in the absence of external radiation.
In this study, we will examine the underdamped dynamics of an annular array of Josephson junctions (AAJJ) under the external radiation. In contrast to previous studies of annular Josephson junctions, which were mainly focused on the case of one trapped fluxon in a small range of currents and voltages [14, 15] , here, we will examine the Shapiro steps in various cases of circulating excitations (fluxons and antifluxons), in a wide range of currents and voltages in order to get the full picture of dynamical behavior. Surprisingly, our results show that ability of the system to lock with some external radiation depends not only on the number but also on the type of excitations, i.e., whether there are only trapped fluxons or the fluxon-antifluxon pairs in the system, or the trapped fluxons circulate simultaneously with fluxon-antifluxon pairs.
We consider an annular parallel array of N Josephson junctions in underdamped regime presented in Fig. 1 . The total length of a chain is L = N a, where a is a distance between the neighboring junctions. The annular system that we are considering here can be described by the discrete version of perturbed sine-Gordon equation, which is well known as the dissipative Frenkel-Kontorova arXiv:1911.05355v1 [cond-mat.supr-con] 13 Nov 2019 model [9] :
(1) where ϕ i is the phase difference across the i-th junction, α is dissipation parameter, I is the total or biased current through the junction, and A and ω are the amplitude and frequency of external radiation, respectively. The coupling between the neighboring junctions is described by the constant 1 a 2 , where a = 2πL 0 I c /Φ 0 is the discreteness parameter, i.e., distance between two junctions normalized to the Josephson penetration depth. The time is normalized with respect to the inverse plasma frequency ω −1 p , where ω p = 2πI c /(Φ 0 C), I c is the critical current, L 0 and C are the inductance and capacitance of single cell, respectivelly, and Φ 0 = h 2e is the flux quantum [25] . In order to calculate the I-V characteristic of the AAJJ we have used the Eq. (1) and the Josephson relation:
where V i is the voltage of the ith junction normalized to V 0 = ω p /2e, and ω J is the Josephson frequency normalized to ω p . Our numerical simulations were performed for the periodic boundary conditions, which in discrete case have the form:
where M is the number of trapped fluxons inside the system. The spatial points i = 0 and i = N + 1 were assumed to be equivalent to i = N and i = 1, respectively. We have applied the well known procedure used in Ref. 26 and 27. The current was changed by step ∆I and for every value of I the corresponding voltage V was calculated, in that way the I-V characteristic was produced. We note that the solution at certain value of I was used as the initial condition for the calculation of the next point at the value of bias current I + ∆I.
If no trapped fluxons are present in the system (M = 0), depending on the current, one or more fluxonantifluxon pairs are circulating along the system. Due to the presence of external radiation, in addition to zero field steps, the system will also exhibit Shapiro steps. In high resolution analysis reveals also the Shapiro steps that come from the locking of Josephson frequency and the frequency of external radiation. For a given external frequency ω = 3.7, the first harmonic step appears on the n = 8 ZFS as can be seen in Fig. 2 (b) , while Fig.  2 (c) and (d) show the halfinteger 1 2 ω and the subharmonic step 1 5 ω, which appear on the n = 4 and n = 2 ZFS, respectively. We have examined the AAJJ for a wide range of applied frequencies ω, and we were able to obtain Shapiro steps in the whole area of the I-V characteristics in Fig. 2 .
If there are fluxons trapped in the system, the ability of system to exhibit Shapiro steps will completely change. In the Fig. 3 the I-V characteristics of the AAJJ with one trapped fluxon (M = 1) is presented. In this case, for the applied frequency of the external radiation ω = 5, in Fig. 3 (a) we would expect to see the Shapiro step at V = 5 as well as other subharmonic steps in the I-V characteristics. However, as we can see in Fig. 3 (b) there is no Shapiro steps, and the only Shapiro step we could detect was the step 1 10 ω, which appeared for n = 1 in Fig. 3 (c) .
In Fig. 4 two I-V characteristics at two different values of applied frequencies are presented. As in previous case, the Shapiro step appears in Fig. 4 (a) at V = 0.39, when the applied frequency is in the region of the step n = 1, i.e. in the region where only one trapped fluxon rotates through the system. On the other hand, if we increase the frequency to the value, which corresponds to the higher steps (n > 1) in I-V characteristics, no Shapiro steps appear as can be seen for V = 1.22 at the n = 3 step in Fig. 4 (b) . The voltage time dependence given in the insets clearly shows the periodic behavior on the Shapiro step in Fig. 4 (a) , and the nonperiodic one in Fig. 4 (b) in its absence. The situation remains unchanged if more fluxons are introduced. In Fig. 5 , the I-V characteristics for two trapped fluxons M = 2 at two different values of applied frequencies are presented. As we can see from the I-V characteristics and the corresponding voltage time dependence in Fig. 5 (a) , again, Shapiro steps appear in the region, where only two fluxons are present in the system. On the other hand, in Fig. 5 (b) , where ω is in the region of the n = 4 step, i.e., in addition to two trapped fluxon there is also one fluxon-antifluxon pair, there are no Shapiro steps.
When M = 0, we could create Shapiro steps anywhere in the I-V characteristics, however, this was not the case for M = 0. We performed simulations for a wide range of system parameters and obtained that if there were trapped fluxons, regardless of the value of ω or A, Shapiro steps would appear only in the part of I-V characteristics which corresponds to the step n = M (n p = 0), where only trapped fluxons moved through the AAJJ. If in addition to the trapped fluxons there are also fluxonantifluxon pairs, i.e., n = 2n p + M (n p = 0), there would be no Shapiro steps. This leads us to the conclusion that the appearance of Shapiro steps is somehow determined by the type of excitations, and raises the question why for M = 0 Shapiro steps do not exist if fluxons and fluxonantifluxon pairs simultaneously circulate in the system. In order to understand this fact let us consider first the case of one trapped fluxon in the AAJJ. When M = 1, in the region of the I-V characteristics, which corresponds to the n = 1 step, we have only one circulation fluxon, so it will pass through a junction at the equal time intervals, and consequently, this periodic motion can get locked with some external periodic radiation. In the same way, for any M = 0 we will have n = M fluxons circulating around the ring equally distributed in space and time. As they move, they are passing through junctions in the equal time intervals and this motion can get locked with some external frequency.
However, if in addition to trapped fluxons, we have also fluxon-antifluxon pairs situation will be completely different. Let us look at one example: the case of n = 3 excitations present in the system. If we have one trapped fluxon and one fluxon-antifluxon pair in which case n = 2 + 1 = 3, this will be completely different from the case of 3 trapped fluxons, for which the total number of excitations is also n = 3. Three fluxons are always equally distributed in space and time and rotate passing through junctions in the same time intervals. This will change if instead, we have two fluxons and one antifluxon. Though they all move periodically, the antifluxon is moving in the opposite direction of the two fluxons, and so they are not any more equally distributed in space and time (distance between antifluxon and two fluxons is changing as they move). Consequently, they will not pass through a junction in the same time intervals, but the period between two consecutive passages will constantly change, and for that reason, it would be impossible for the system to lock with an external radiation. Therefore, every time there is an uneven number of fluxons and antifluxons, the system can not exhibit Shapiro steps.
In conclusion, the examination of the fluxon dynamics in an annular array of underdamped Josephson junc-tions demonstrated that not only the number but also the type of rotating excitations (fluxons or antifluxons) determined the ability of the system to lock with the external radiation. Regardless of the amplitude or frequency of the external radiation, the current-voltage characteristics exhibits Shapiro steps only in the system with trapped fluxons or in the system with fluxon-antifluxon pairs. If the trapped fluxons circulate simultaneously with fluxonantifluxon pairs, there are no Shapiro steps. Though, this phenomenon of missing steps was observed in one particular system, the AAJJ, it could be relevant for any system where dynamics is governed by the moving fluxons and antifluxons since any disbalance between their numbers will change the system behavior. Further investigations certainly require experimental observation of this effect, and the settings as in Ref. 14, for instance, could be applied, which would be the subject of our future studies.
Annular Josephson junctions posses an enormous potential for various technological applications. The fluxon dynamics as well as resonance phenomena are in the core of some of the most advanced ideas in superconducting digital technologies [1] [2] [3] [4] [5] [6] [7] . Another interesting application of annular Josephson junctions is in superconducting metamaterials [28] , which generic element is a superconducting ring split by a Josephson junction. One of the most recent studies have been dedicated to the resonant response of such metamaterials to the external signal in strongly nonlinear regimes [28] . Regardless of the field in which the annular Josephson junctions have application, a good theoretical guideline and their understanding are crucial. We hope that this work contributes to that understanding and that it will motivate further theoretical and experimental studies. 
